We show that the evolution of magnetic fields in a primordial plasma, filled with Standard Model particles, at temperatures T 10MeV is strongly affected by the quantum chiral anomaly -an effect that has been neglected previously. Although reactions equilibrating left and right-chiral electrons are in deep thermal equilibrium for T 80 TeV, an asymmetry between these particle develops in the presence of strong magnetic fields. This results in magnetic helicity transfer from shorter to longer scales. This also leads to an effective generation of lepton asymmetry that may survive in the plasma down to temperatures T ∼ 10 MeV, which may strongly affect many processes in the early Universe. Although we report our results for the Standard Model, they are likely to play an important role also in its extensions.
Magnetic fields are expected to play an important role in the early Universe Recent observational indications of the presence of magnetic fields in the inter-galactic medium [1] [2] [3] suggest that cosmological magnetic fields (CMF) may survive even till the present epoch. Thus they could have played the role of seeds for the formation of galactic magnetic fields. A number of mechanisms for the creation of CMF at very high temperatures have been proposed (see e.g. [4] [5] [6] and refs. therein).
In this paper we concentrate, however, on a different problem: we assume that strong CMF were already generated at a temperature 100 GeV and we study the subsequent evolution of such fields. Usually, this evolution is described by the system of Maxwell plus NavierStokes equations (for a detailed review see [5, 7] ). Here we will argue that, for temperatures T 10 MeV, this system of MHD equations should be extended to include a new effective degree of freedom, even if all particles and reactions are described by just the Standard Model of particle physics. This significantly affects the evolution of CMF and the state of the primordial plasma.
At such temperature rates, of all perturbative processes related to the electron's finite mass are suppressed as (m e /T ) 2 . Ignoring these corrections for a moment, the number of left and right-chiral electrons 1 is conserved independently. 2 That is, apart from the vector current j µ =ψγ µ ψ describing conservation of electric charge (n L + n R ), the average number density of the left-(right) chiral electrons n L,R =
2V
d 3 x ψ † (1 ± γ 5 )ψ does not 1 More precisely, n L is the difference between the number of left particles and left anti-particles (same for n R ). 2 The number of left-chiral electrons is not conserved when weak processes are fast (the conserved quantities are n L + nν e and n R ). The coefficient c ∆ in Eq. (4) below takes this into account.
change with time. This is true on time scales smaller than the chirality-flipping scale Γ
−1
f . Although the chiralityflipping rate is suppressed as compared to the rate of chirality-preserving weak and electromagnetic processes, it is faster than the Hubble expansion rate, H(T ), for temperatures below 80 TeV [8] and chirality flipping processes are in thermodynamic equilibrium. Yet on time scales Γ −1 EM,weak < t < Γ −1 f one should introduce independent chemical potentials, µ L and µ R , for two approximately conserved number densities, with n L,R = µL,R 6 T 2 . In the presence of external classical fields the conservation of the axial current is spoiled, however, by the chiral anomaly [9] -a quantum effect leading to a change of
where α = e 2 4π is the fine-structure constant and H is the magnetic helicity defined as
(where B is the magnetic field and A the vector potential, with B = ∇ × A). The quantity (2) is gauge invariant, provided that B is parallel to the boundary of V (see e.g. [7] ). The time evolution of H(t) is given by [7] 
In terms of the difference of left and right chemical po-
where c ∆ is a numerical coefficient of order one that describes the dependence of n L on globally conserved charges in the primordial plasma.
If ∆µ = 0, the chiral anomaly leads to an additional contribution to the current in Maxwell's equations [10] [11] [12] [13] [14] [15] [16] [17] :
or, combining it with the Bianchi identity ∇ × E = −Ḃ:
As weak reactions are fast enough at these temperatures to establish local thermodynamic equilibrium (LTE), in the background of long-wavelength electromagnetic fields, space-dependent chemical potentials µ L,R (x) may be defined. Eqs. (1), (4) can then be written in a local form, and Eq. (5) acquires additional terms, proportional to the gradients of ∆µ(x) [13, 15, 16] . We assume fields to be slowly varying and neglect these effects as well as those depending on the velocity field. We will show that, even in this limit, the evolution of magnetic fields significantly changes as compared to the usual Maxwell equations. A more realistic analysis should include all the derivative terms, as well as the Navier-Stokes equation describing, in particular, turbulent effects known to be important for the evolution of CMF. We leave a more complete microscopic derivation and an analysis of the full system to future work and use the simple model described above to illustrate the previously neglected effects. Eqs. (4-5) remain valid in an expanding Universe if written in conformal coordinates (see e.g. [5, 11, 18] ). Henceforth we use conformal quantities and define conformal time as η = M * T , where M * = 90 8π 3 g * M P l and g * is the effective number of relativistic degrees of freedom.
Eqs. (4) (5) are translation and rotation invariant. We introduce the magnetic helicity density, H k , and the magnetic energy density, ρ k , in Fourier-space, with ρ B (η) = dk ρ k (η) and H(η) = dk H k (η). 3 The quantities H k and ρ k obey the inequality |H k | ≤ 2 k ρ k , which is saturated for field configurations known as maximally helical fields. In our subsequent analysis, we focus on this case and choose for definiteness H k > 0 and ∆µ > 0. Multiplying the Fourier version of Eq. (5) by the complexconjugate mode B * k , we obtain, after some simple manipulations (see Appendix E for details, cf. [19] ),
3 In terms of left and right circular polarized modes
. Integrals over k run over the radial direction only (see e.g. [18] [19] [20] ).
where we have restored the chirality flipping rate Γ f in Eq. (7) and used the conductivity σ c ≡ σ(η)/T ≈ 70 [21] .
The system (6-7) has been previously studied in two regimes. It was demonstrated in [11, 16, 22] that, in the presence of a large initial chemical potential difference ∆µ(η) > 0, the quantity
grows exponentially fast for sufficiently long wavelengths. Conversely, in [13] the initial background of helical (hyper)magnetic fields was used to generate a non-zero chemical potential for T > 100 GeV.
In this work, however, we consider helical CMF with some initial spectrum H 0 k , already present at T ∼ 100 GeV in the hot plasma, filled with particles in thermal equilibrium (cf. [18] [19] [20] 23] ). It was believed that as Γ f ≫ H(T ) for T 80 TeV, no chiral asymmetry will survive.
Chirality evolution. Below we show that both ∆µ and the magnetic helicity do survive below 100 GeV on time-scales much longer than diffusion or chirality flipping times (till 10 ÷ 100 MeV). (For Γ f → 0 the system (6-7) can even reach a stationary state with non-zero B and ∆µ).
To see this, it is convenient to separate on the right hand side of Eq. (7) a source term S B (η) (independent of ∆µ) (cf. [13] ):
where
We begin our analysis of Eqs. (6) and (9-10) with the case where Γ f = 0 and the field is initially "monochromatic", i.e.,
The form (11) is preserved during the evolution as Eq. (6) is homogeneous. 4 Putting in Eq. (9) d(∆µ)/dη = 0 and Γ f = 0 we find the so-called tracking solution:
This is an exact static solution of the system (6), (9): ∆µ tr and H(η) remain constant, i.e., dissipation due to magnetic diffusion is exactly compensated by growth due to a non-vanishing chemical potential difference ∆µ tr ; (cf. (8)). Until now we have completely neglected the massiveness of the electrons. It is straightforward to compute that the rate Γ f (η) due to electromagnetic processes is:
Eqs. (6), (9) can be rewritten to describe deviations from the equilibrium static solution (12):
σc is the magnetic diffusion time. From Eq. (13) we see that Γ B and Γ f , which enter symmetrically in Eq. (9), play very different roles. The rate Γ f , that depends only on temperature, constantly drives ∆µ to zero. The Γ B term pushes the system towards the equilibrium value (12) (that depends only on k 0 ). It depends on ρ B and has its own dynamics, Eq. (14) .
If the magnetic field is large (such that Γ B ≫ Γ f ), any initial value of ∆µ will be quickly "forgotten" and ∆µ will be driven towards ∆µ tr . At that moment a new tracking solution will take over, with ∆µ−∆µ tr ≈ γ∆µ tr , where
This new solution is valid, provided two conditions hold:
When this holds the evolution of Γ B is given by (14) .
Eq. (16) shows that Γ B remains practically constant when η ≪ η σ /γ(η), which is significantly longer than η σ , as γ ≪ 1. To estimate the time at which the function γ(η) ∼ 1 we note that it evolves with time because of an increasing chirality flipping rate Γ f (η) ∝ η 2 and because the total magnetic energy dissipates (16) . Neglecting this latter change, we estimate γ to be given by:
where we used r B ≡ ρ B /(
) is the fraction of magnetic energy density to the total energy density. From 5 The contribution of weak processes to Γ f is small at T < 100 GeV, see Appendix D.
Eq Fig. A1 in Appendix A).
Inverse cascade. So far we have considered a toy model example of "monochromatic" helical field (11) . Although the Eq. (6) is linear, the modes H k are not independent for different k (due to the integral in the Eq. (7)). For a continuos spectrum, this interaction results in another very important effect: the initial spectrum reddens with time, the total helicity being conserved (similarly to the "inverse cascade" phenomenon [7] , Sec. 7.2.3. Indeed, let us consider first the case of two modes (k 1 , H 1 (η)) and (k 2 , H 2 (η)) with k 1 > k 2 , to understand the situation qualitatively. While Γ B ≫ Γ f , the evolution for ∆µ has the form: k1H1+k2H2 depends on both modes. In the case where a shorter mode (k 1 ) contains most of the energy density, ∆µ will grow very fast and reach: ∆µ tr ≈ 2πk1 α (1 − ǫ). Initially ǫ = k2H2 k1H1 ≪ 1 as H 2 is subdominant and ∆µ is close to its "static" value for k 1 . Therefore the mode H 1 remains almost constant, for η < η σ (k 1 )/ǫ(η). For the mode H 2 , however, k 2 < α∆µtr 2π
and from the solution (8) (valid for any ∆µ(η)) we see that H 2 will start growing. As its growth enters the exponential phase, ǫ increases and k 1 becomes greater than ∆µ(η), causing H 1 to decay exponentially. ∆µ(η) will therefore quickly evolve to the value 2π α k 2 . From Eq. (6) we find that for ǫ ≪ 1: (20) and see thatḢ 1 = −Ḣ 2 as long as Γ B ≫ Γ f , i.e. the total helicity of the system is conserved. 6 The evolution of continuous spectra is qualitatively very similar. Assume that the initial helicity spectrum H 0 k has its maximum at a scale k 1 and then decays as
ns−2 , with n s ≥ 3. The scale k 1 determines the value of ∆µ at the beginning, while the longer modes grow. At the moment when back-reaction of these growing modes on ∆µ becomes non-negligible, the chemical potential difference gets smaller and the modes with
start decaying. For discrete spectrum ∆µ changes by "steps", defined by the modes k n (see Fig. 1 for Γ f = 0, red dashed curve). Every such "step" corresponds, on the other panel of Fig. 1 , to a fast decay of one helicity mode and exponential growth of an adjacent one (from red to purple), while the total helicity remains constant (black dotdashed line). The conservation of helicity implies that the total magnetic energy gets dissipated as ρ k = k 2 H k for helical fields. If we sample the same spectrum with a larger number of modes, the evolution of ∆µ becomes monotone. If the initial spectrum is sharp (n s > 3), ∆µ will decay more slowly, and the short modes will survive for a longer time. The resulting spectrum will, however, be roughly the same -the helicity concentrates around the longest mode k 2 that had enough time to start growing, ∆µ = ∆µ tr (k 2 ), the magnetic energy is smaller by the factor k2 k1 . We believe that these results correctly describe the interaction between different helicity modes even in the inhomogeneous case, provided that deviations from LTE are not very dramatic and ∆µ(x) is smooth.
Finally, the exact numerical solution of the full system with continuous spectrum and finite γ(η) is shown in Fig. 2 where the red dashed line shows ∆µ(η) in the case Γ f = 0 and the thick blue and green lines show ∆µ(η) for Γ f = 0 and different r B . This full evolution follows that of Γ f = 0 and then breaks down exponentially fast when γ(η) ∼ 1 and (18) holds.
Conclusion. This work demonstrates that the traditional MHD equations should be modified, when applied to a plasma of relativistic particles with T ≫ m. The proper account of the chiral anomaly changes the evolution of magnetic fields in two ways: (i) the magnetic fields survive several orders of magnitude longer than the time defined by magnetic diffusion (Eqs. (16)- (17)) and (ii) an "inverse cascade" develops, transferring energy from shorter to longer wavelength modes. The effect depends on the energy of magnetic fields parametrized by its ratio to the total energy density, r B . In the literature discussing the evolution of magnetic fields (see e.g. [18, 20, 23] ) r B ≤ 1 is often considered. It was demonstrated e.g. in Refs. [24, 25] that r B ∼ few × 10 −3 may be generated at cosmological first order phase transitions. The mechanism of [26] predicts maximally helical magnetic fields with B ∼ 100 GeV 2 (i.e. r B ∼ 10 −2 , c.f. [27] ) at small scales. See [6, 24-26, 28, 29] and refs. therein.
We refer to the value of r B at T ∼ 100 GeV. Due to the inverse cascade and helicity conservation this energy decreases by about an order of magnitude by the time when our effect stops (T ∼ 10 − 100 MeV). The subsequent evolution of the magnetic fields is described by the conventional MHD [5, 18, 19] , a significant part of r B further dissipates, so that only the large scale tail of the spectrum may survive due to turbulent effects. To predict the final fate of these CMF for every initial spectrum and compare them with cosmological bounds (see e.g. [30] ), our results should be combined with the MHD analysis. Nevertheless, the above-described mechanism, based entirely on the Standard Model, clearly improves the chances of survival of CMF generated at subhorizon scales [31] . Indeed, even for r B ∼ 10 −5 the fields survive down to T ∼ 100 MeV, while for r B ∼ 0.1 the inverse cascade is operational down to T ∼ 10 MeV. Moreover, regardless of the survival of the CMF, this effect is important as the left-right asymmetry in the electron sector survives down to T ∼ O(100) MeV and thus potentially affects important processes in the early Universe: can change the nature of the QCD phase transition [32] and produce gravitational waves [33] , leave its imprints on BBN and CMB [34, 35] . A black dashed-dotted line shows the evolution of γ(η), growing at η 2 at small times and then starting to increase exponentially fast. A thin black vertical line marks the solution of (18) .
To see how fast the helicity (energy) gets transferred from the mode k 1 to k 2 let us combine two equations (B3) into a single equation for the ratio h(η) = H 1 (η)/H 2 (η) (such that h(η 0 ) = h i > 1 and h(η) → 0 as t → ∞):
(where q = k 2 /k 1 < 1). As a result we can obtain the time difference for h to change from h i to h:
We can see that the time when helicities of both modes equalize (i.e. h(η) = 1) is given by
From Eq.(B5) one can also easily determine the time when the energies of two modes equalize (i.e. when h = 1 q ). In the case when two modes with very different wave numbers (i.e. when q ≪ 1), the time ∆t H is approximately equal to
Notice, that this time is much longer than the magnetic diffusion time
and it depends on the ratio of initial amplitudes only logarithmically.
2. Approximations, used in derivation of Eq. (20) In this Section we provide some details regarding the derivation, used in the main paper and leading to Eq. (20) . Consider the system of Eqs. (19) . Let us assume that k 1 H 1 (η 0 ) ≫ k 2 H 2 (η 0 ) and k 2 < k 1 . Then, we can rewrite the tracking solution (B2) as
(where ǫ = k2H2 k1H1 ≪ 1). Its time evolution is given by In the case of the continuous spectrum while γ ≪ 1 the evolution is identical to the case of Γ f = 0, described above (see Fig. 2 ). The condition γ(η) ≤ 1 determines the time over which the described effect is present in plasma. We see from Eq. (17) that for r B 10 −5 the fields, generated very early (probably at T 0 ∼ 100 GeV) can survive until T ∼ 100 MeV and during the same time the non-zero chemical potential remains in plasma. The value of k at which the evolution stops can be determined via (18) with γ(η) ∼ 1. We find that k ≈ k max (η) -the wave-number at which the spectrum is peaked at the moment η is of the order of final time, determined by (17), i.e. η σ (k max (η)) ∼ η. Thus the value of k max is approximately the same as in the standard MHD case, when all modes with η σ (k) < t would be erased by the magnetic diffusion. However, the total energy of the spectrum (or, equivalently H kmax is much higher in our case -the presence of chemical potential allows for an "inverse cascade" process -the energy stored in short wave-lengths modes to be transferred to the longer wave-lengths (as Fig. C1 ). −5 , the same initial spectral index ns = 3, and different range of initial k. lg ησ = 18.7 (green), lg ησ = 16.7 (purple). Right: Zoom on initial region of evolution of ∆µ for two spectra with the same total energy density rB ≈ 1 and the same initial spectral index (ns = 5) but different range of initial k over which this energy is distributed.
